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^ : 1 Introduction 

> 

^ ■ For n > 3, consider 

O' -Au = n{n - 2)u^ , on K^. (1) 

O '. It was proved by Gidas, Ni and Nirenberg [19] that any positive solution of (1) 

satisfying 

liminf (|x|""^-u(2;)) < cx), (2) 

S2 ' must be of the form 



n — 2 
2 



where a > is some constant and x G R^. 
I Hypothesis (2) was removed by Caffarelh, Gidas and Spruck in [6]; this is impor- 

tant for apphcations. Such Liouville type theorems have been extended to general 
conformally invariant fully nonlinear equations by Li and Li ([22]- [25]); see also re- 
lated works of Viaclovsky ([35]-[36]) and Chang, Gursky and Yang ([11]-[12]). The 
method used in [19], as well as in much of the above cited work, is the method of 
moving planes. The method of moving planes has become a very powerful tool in 
the study of nonlinear elliptic equations, see Alexandrov [1], Serrin [33], Gidas, Ni 
and Nirenberg [19] -[20], Berestycki and Nirenberg [2], and others. 

In [28], Li and Zhu gave a proof of the above mentioned theorem of Caffarelli, 
Gidas and Spruck using the method of moving spheres (i.e. the method of moving 
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planes together with the conformal invariance), which fully exploits the conformal 
invariance of the problem and, as a result, captures the solutions directly rather 
than going through the usual procedure of proving radial symmetry of solutions and 
then classifying radial solutions. Significant simplifications to the proof in [28] have 
been made in Li and Zhang [27]. The method of moving spheres has been used in 
[22]-[25]. 

Liouville type theorems for various conformally invariant equations have received 
much attention, see, in addition to the above cited papers, [21], [15], [13], [31], [37] 
and [38]. 

In this paper we study some conformally invariant integral equations. Lieb 
proved in [29], among other things, that there exist maximizing functions, /, for 
the Hardy-Littlewood-Sobolev inequality on i?": 

I '^^^\\ dy\\Li{Rr^) < NpXn\\f\\LP{Rr>^), 

with Np,\^n being the sharp constant and ^ + ^ = 1 + ^! 1 < PjQiJ < oo, n > 1. 
When p = q' = or p = 2 or g = 2, Np^\^n and the maximizing f's are explicitly 
evaluated. When p = q', i.e., p = and q = the Euler-Lagrange equation for 
a maximizing / is, modulo a positive constant multiple. 



m"-' - / T^^xdy. (3) 
Writing X — n — a and u — /^~^, then < a < n, and equation (3) becomes 



«(^) = / I In-a ^^' V X e i?" (4) 

\x — vr 



As mentioned above, maximizing solutions / of (3) are classified in [29] and they 
are, in terms of of the form 



n — oc 



where a, c? > and some x e i?". Of course, o is a fixed constant depending only 
on n and a, while d and x are free. 

Equation (4), or (3), is conformally invariant in the following sense. Let v be a 
positive function on i?", for x e i?" and A > 0, we define 

t^.,A(o = (^4^r-"^(r''), i^R\ (6) 
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where 

^ le-^p ■ 

Then, if u is a solution of (4), so is Ux,\ for any x e and A > 0. The conformal 
invariance of (4) was used in [29]. More studies on issues concerning the Hardy- 
Littlewood-Sobolev incquahty, among other things, were given by Carlen and Loss 
in [7]- [10], where the conformal invariance of the problem was further exploited. 

After classifying all maximizing solutions of (3), Lieb raised the beautiful ques- 
tion (page 361 of [29]) on the (essentially) uniqueness of solutions of (3), or, equiv- 
alently, of (4). He produced (page 363 of [29]) a nontrivial 2n parameter family of 
solutions of equation (3), or (4), has other solutions which are not as regular as the 
maximizers. For instance, modulo a positive constant, is a solution of of (4). 

In a recent paper, Chen, Li and Ou established the following result which answers 
the question of Lieb in the class of L^^(_R"). 

Theorem 1.1 ([16]) Let u G Lf^^{R"') be a positive function satisfying (4)- Then u 
is given by (5) for some constants a,d > and some x G K". 

In an earlier version of the present paper [26], we gave a simpler proof of Theorem 
1.1. The proof, in the spirit of [28] and [27] and following Section 2 of [27], fully 
exploits the conformal invariance of the integral equation. It is different from the 
one in [16]. In particular, we do not follow the usual procedure of proving radial 
symmetry of solutions and then classifying radial solutions, and we do not need to 
distinguish n >2 and n = 1. This proof is presented in Section 2. 

Lieb pointed out to us that his question also concerns functions which are not 
in L;^^(i?"). In particular, it is not known a priori that maximizers are in Lf^^^R"-). 
This has led us to study the question further and to estabhsh 

2n 

Theorem 1.2 For n > 1, < a < n, let u E L^~^°'{R^) he a positive solution of 
(4). Then u G C°°(i?'*). 

2n 

An answer to the question of Lieb is therefore known in the class of L^Q^"(i?"). 

a-n 2n 

The above mentioned solution does not belong to Lp^^" (i?"), though it belongs 

to L\^J^R^) for any t < The question remains unanswered for the class of 

LUR-) for t < ^. 

In the process of proving Theorem 1.2, we have estabhshed the following result 
which should be of independent interest. 
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For n > 1 and < a < n, let e (S3) be a non-negative function, set 

m \\Vh^^B,y (7) 

Theorem 1.3 For n > 1, < a < n, u > r > there exist positive constants 

6 < 1 and C > 1, depending only on n,a,r and u, such that for any < F G 
L^iB's), with 5{V) <6, he L^iB-i) and < u E L''{B^) satisfying 



^ I \ \n-J y + Kxl X e B,, (8) 

we have 

\\u\\l-{B^) < C {\\u\\Lr(B3) + \\h\\L-^(B2)) ■ (9) 



Corollary 1.1 For n>l, 0<a<n, u>r> i?2 > -Ri > 0, /e^ < y e 

L^{Br^), h e L^IBrJ that 0<ue L^{Br^ satisfy 

Jbr^ \x - y]"^ " 
Then, for some e > 0, u & W{B^. 

For a = 2 and n > 3, Theorem 1.3 is essentially equivalent to a result of Brezis 
and Kato (Theorem 2.3 in [4]), so it can be viewed as an integral equation analogue 
of their theorem. After informing Brezis of Theorem 1.3, he kindly pointed out that 
it is similar to, though not the same as. Lemma A.l in [5]. Indeed, our proof of the 
theorem makes use of the explicit form of the potential l^l^^", and it is not clear 
to us at this point whether the conclusion of the theorem still holds when replacing 
|^|Q!-n Qjyy Y G Lw~" , thc wcak space, as in Lemma A.l of [5]. Theorem 

1.2, Theorem 1.3 and Corollary 1.1 are estabhshed in Section 2. 

We also study some equations similar to (4) , though they do not have the same 
kind of conformal invariance property. For n>l,0<Q;<n and > 0, let u be 
positive Lebesgue measurable function in R"^ satisfying 

«(^) = / I ""^^IL ^^' \/xeR-. (10) 
JR" \x — yr " 
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Theorem 1.4 Let n > 1 and < a < n. Then 

(i) For < fi < equation (10) does not have any positive Lehesgue measur- 
able solution u, unless u = oo. 

(ii) For < A* < equation (10) does not have any positive solution 

For > we do not know whether (10) has any positive solutions. We know 

from Lemma 4.2 that if u is a positive solution in L^^^" {R^)-> ^ must be in C°°(it!"'). 
Theorem 1.4 is proved in Section 4. 

In [22]- [25], all conformally invariant second order fully nonlinear equations are 
classified and Liouville type theorems are established for the eUiptic ones. It would 
be interesting to identify as many as possible conformally invariant integral equations 
for which (essentially) uniqueness of solutions can be obtained. One class of such 
equations, similar to (4), is 

r 2n+p 

u{x) = \x — y\^u{y) p dy, V a; e R"^, 

where n > 1 and p > 0. We study more general equations, similar to (10), including 
those which arc not conformally invariant. 

For n > 1, p,q > 0, let u he a non-negative Lebesgue measurable function in i?" 
satisfying 

u{x)= j \x-y\Pu{y)-Hy, W x e R". (11) 

jRn 

Theorem 1.5 For n > 1, p > and < q < 1 + let u be a non-negative 
Lebesgue measurable function in i?" satisfying (11). Then q — l-\-'^ and, for some 
constants a,d > and some x e R^, 

p 

f d+\x - xP\ 2 
u{x)=i^ a • ^ ^ 

The proof of Theorem 1.5, similar to our proof of Theorem 1.1, is given in Section 
5. It turns out that for n = 3, p = 1 and q = 7, integral equation (1) is associated 
with some fourth order conformal covariant operator on 3— dimensional compact 
Riemannian manifolds, arising from the study of conformal geometry. See, e.g., 
Paneitz [32], Fefferman and Graham [17], Branson [3] and Chang and Yang [14]. 
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Question 1 Is equation (1), in the case ?7, 7^ 3, p > and g = 1 + zs as- 
sociated with some kind of pseudo-differential conformal covariant operators on 
n— dimensional compact Riemannian manifolds, the same way the case n — 2>, p — 1 
and q = 7 is associated with the above mentioned fourth order conformal covariant 
operator? 

After posting [26] on the Archive and essentially completing the proof of Theorem 
1.5, we became aware of some recent work of Xu [39] where he proved Theorem 1.5 
in the special case n = 3, p = 1 and u G C^(/?'^). He also proved in the same 
paper that for n = 3, p = 1 and q > 7(= 1 + — ), equation (11) does not admit any 
non- negative solution u in C^(i?^). 

Question 2 Is it true that for all n > 1, p > and g > 1 + y equation (11) does 
not admit any positive solutions? 



2 Proof of Theorem 1.3, Corollary 1.1 and The- 
orem 1.2 

In this section we prove Theorem 1.3. Let 

V{y)u{y) 



Jbs \x — yl"'-" 



Then 
where 

and 



u{x)^{Lu){x)+f{x) + h{x)-^{x), xeB2, (13) 
Jbo \x — vr " 



^ ' h<\y\<Z \X - yl"-" 



1 _ 1 _ a 
r p n 

the Riesz potential (see, e.g.. Theorem 1 on page 119 of [34]), 



Let p be determined by ^ = - — ^, then p > 1 and therefore, by the property of 
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where C depends on a, n and r. Similarly 

||/||L^(B.)<c||y||^g(^^)||«IU.(S3). (15) 

It follows, using also the fact u,^ > 0, that 

For z = 1, 2, • • •, let 

Gi(z) = min , '"i(^) = min (u(z),i) , 

^i{x) = min , and /^(a;) = / Gi{x - y)V{y)u{y)dy. 

Some preliminary estimates on {/j}: 
Lemma 2.1 There exists some constant C, depending only on n and a, such that 

< C'||«||l'-(B3)> ||/j||L'-(B2) < C'||w||l'-(B3)- (17) 

Moreover, for any p <r, 

hm II/, - /||^.(B,) = 0. (18) 

Proof of Lemma 2.1. The first inequahty in (17) follows easily: 

||/ilU-(Bi) < ||/|U-(i3i) < C(n,a) / V{y)u{y)dy < C\n,a)\\u\\Lr(B3)- 

J2<\y\<3 

Note that we have used the hypothesis ||^|lig(B3) < ^ < 1- The second inequality 
in (17) follows from (15). 
By the Fubini theorem, 

lim II/. - /|Ui(B,) < lim ||G',(.) - f V{y)u{y)dy = 0. 

We deduce (18) from this and the second inequality in (17) using Holder inequality. 

□ 

Consider the following integral equation of 

w{x) = {Liw){x) + fi{x) + h{x) - Ci(x), X e B2, (19) 

where 

{Liw){x):=l Gi{x -y)V{y)w{y)dy. 

J\y\<2 
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Lemma 2.2 For r < q < u, there exist some < S < 1 and C > 1, depending only 
on a, 71, r and q, such that if < S{V) < 6, then, for all i, there exists Wi G L'^(i?2) 
solving (19) with w — Wi, satisfying 

\\Wi\\Lr(B2} + < C{\\u\\Lr(B3) + \\h\\Lr(B2}), (20) 

where wf{x) = msLx{wi{x), 0). 

Proof of Lemma 2.2. Define, for w e L'^{B2), 

(Tiw){x) = {Liw){x) + fi{x) + h{x) - ii{x), X e B2. 

Clearly, L^T, : ^^(Ba) ^ ^^(52)- 

Let p be determined by ^ = ^ — ^, then, using the property of the Riesz potential 
as in (14), 

\\LiW\\L<,(B2) < \\L{H)\\lo{B2) < C||^llLg(B2)lklU«(S2) < C5\\w\\l,^B2)- 

Here and below (various) constant C > 1 depends only on r, q, a and n. Thus 

||71u'||l9(B2) < C^||w||l9(S2) + ||/i||L9(B2) + ||/i||l9(B2) + ||Cj||L9(B2), (21) 

and 

\\Ti{w - v)\\lci(B2) < \\Li{w - v)\\li{B2) < C5\\w - v\\l<i(B2)- 
Fix some positive 5 with C5 < | and set 

Ei^{we L\B2) I \\w\\l.(b,) < 2(||/i||L.(B2) + \\h\\L.{B,) + \Ml.{B2))} C L'i{B2). 

Then, Tj maps to itself and is a contraction map. So there exists some Wi e 
such that Ti{wi) = w^, i.e., 

Wi{x) = / Gi{x - y)V{y)wi{y)dy + fi{x) + h{x) - ^^(x), x G B^. (22) 

J\y\<2 

Taking = r in (21), we obtain from (22) and (17) that 

||w^i|k'-(S2) < 2ll^*l'^''(^2) + ll/i|U'-(i32) + II^IU'-(i?2) + II^IU'-(S2)- 

The estimate of ||u'j||LT-(B2) (20) follows from this, in view of (16) and the second 
inequality in (17). 



Next we establish the second inequahty in (20). For 0<t<s<l, we have, by 
(22), 

wf{x) < Ii{x) + IIi{x) + fi{x) + h{x), 

where 



\v\<s \x-y 



and 



ls<\y\<2 \X -y 

By the property of the Riesz potential, 

< C\\Vwt\\LnB.)<C\\V\\^^^^Jwt\\L'>iB.) 

< C5\\wth.^B.) < IWwth.iB.). 
Using the estimate of [[^^[[^^^(Bj) in (20), 

\\IIi\\L.(B,) < C{s-tr-^[ V{y)wt{y)dy 

Js<\y\<2 

< C{S - tT-''\\Wi\\Lr^B,) < C{S - t)"-"(||«||L^(B3) + \\h\\Lr(B,)). 

With (17) and the above estimates, we have, for all < t < s < 1, 

Ik^+IUnBt) < \\\'^i\\L'i{Bs) + C{S - 0"""(||m||l'-(B3) + II^I|l'-(B2))- 

By a calculus lemma (see, e.g., page 32 of [18]), we have, for a possibly larger C, 
still depending only on r, g, a and n, 

\\wt\\L^{Bt) < C{S - t)"""(||M||Lr(B3) + \\h\\Lr(B2)), V < t < S < 1. 

The estimate of ||i«j^||l<;(Bi ) in (20) follows from the above. Lemma 2.2 is established. 

□ 

Proof of Theorem 1.3. For any r < q < u, let S > and {wi} e L'^{B2) be given 
by Lemma 2.2. Since 

j V{y)wi{y)dy < C|| < C 
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for some C independent of we have 

lim sup \\{LiWi){- + z)- {LiWi){-)\\Li(^B2) = 0. 

Therefore {LjW,} is precompact in L}{B2). 

We know from Lemma 2.1 that {/j} converges to / in L^(i?2)- So {wi} is 
precompact in L^{B2). After passing to a subsequence, wi w m. L}{B2). in 
view of (20), w e ^'(^2), Wi ^ w \n Lp{B2) for all p < r, «;+ G L^(Si), and 

lh+||L.(B,) < C7 {WuUr^Bs) + Whh-^iB,)) . (23) 
It follows that LiWi — > Lw in L}{B2). Thus, 

Taking the difference of this and (13), we obtain 



( \( \ [ V'(?/)(«- w)(?/) ^ ^ o 

M — X = / — ; ; ay, a.e. X e B2. 

^ ^ J\y\<2 ^ 

By the usual estimates and using < 5{V) < 5 and C5 < ^, 

\\U - w\\Lr(^B2) < C5\\U - w\\Lr(B2) <^\\U- w||z,r(B2). 

It follows that u = w a.e. in B2. Theorem 1.3 follows from (23). 



Proof of Corollciry 1.1. For e > small, let 

u^{x) = e~2~«(ex), K(x) = e°'V{ex), x e B^, 

and 

l3e<\y\<R2 \eX — y\ 



, , , n-a f V(y)u(y) , n-a , , , 

hjx)^€— ; — r dy + e—h(ex). 



Then 

< / YM}^d.y + K{x), X e ^2. 



□ 
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Clearly, G U{B^) and G L^{B2). Let 5 > be the number in Theorem 1.3, we 
fix some small e > so that 



ll^.|lLg(B3) = ll^llLi(B3.)<^- 

Applying Theorem 1.3 to m^, we have e L'^{Bi), i.e. u e L^{Bl). 

□ 

Proof of Theorem 1.2. Since u e Ll^^'" (K^) , we have, by (4), for some |a;| < 1, 

/ < C I /'^-'^Y' dy < I Y^y^- dy = u{x) < oo. (24) 

For any i? > 0, we write 



n-\-a 



u{x) = In{x) + Unix) := [ j^^^^^^dy + / (25) 

J\y\<2R \X — y\^ " J|y|>2R |X — J/p ° 

Take 

y(a;) = M(a;)^, h(x) ^ f ^^^^ \n-a ^y- 

J\v\>2R \x - vr ° 



Since u G KT{R^), V G Lf,,(i?"). By (24), h G L-(5^). For any jy > we 
have, by Corollary 1.1, u G L^{B^(^y)) for some e(z/) > 0. Since any point can be 
taken as the origin, wc have proved that u G L'{^^{R^) for all 1 < z/ < oo. By Holder 
inequality, Ir G L°°{Bji). By (24), we can differentiate IIr{x) under the integral 
for \x\ < R, so IIr G C°°(i?"). Since is arbitrary, u G (i?"). Back to (25), Ir 
is at least Holder continuous in Br. Since i? > is arbitrary, u is Holder continuous 

7l-\-OL 

in i?". Now is Holder continuous in B2R, the regularity of Ir further improves 
and, by bootstrap, we eventually have u G C°°(i?"). 

□ 



3 Proof of Theorem 1.1 

In this section we prove Theorem 1.1. As shown in the last paragraph of Section 2, 
u G C°°(i?"). By (4) and the Fatou lemma, 

P i It) ^-(^ C n-\-<x 

^ :=liminf(|xr-"M(x)) =liminf / ^ ^-f^ dy > u( y)^ dy > . (26) 

\x\^00 \x\^00 jRn \X — t/p " JR" 
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For X G i?", A > 0, and a positive function v on K^, let Vx,\ be given by (6). 
Making a change of variables 

\z — Xf 

we have 

dy = (^^)^"c/z. 

1^; — x\ 

Thus 



Since 

A A 





A 




Z — X 


fx,A(2)"~" , 


A 


■x\<\ 1^^'^ - ;S^.A|'*-«^ 


z — x 



we have 

n+a ^ n + o: 



I TrT^dy-f ^l^^^c/.. (27) 

J\y-x\>X IC"^'^ - 7/1"-" i|^-a:|<A |C - -^l"-" 



Similarly, 

ix^r-"! ^,^/ ^^^^i^rirf.. (28) 

l^-a^l •^|y-^l<A l^'^'^ - yl"-" i|z-x|>A - 2;|"-° ^ ' 

For a positive solution u of (4), applying (27) and (28) with v = u and v = Ux,\, 
and using the fact (^^'^)^'^ = ^ and (t'x,A)a:,A = v, we obtain 



n-\-a 



and 

u{^)-Ux,x{0^ K{x,X;C,z)[u{z)^ - Ux,x{z)^]dz, (30) 

J 1^— a;|>A 

where 
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It is elementary to check that 

K{x,X;^,z) >0, V > A > 0. 

Formula (29) is the conformal invariance of the integral equation (4), see 
and [30]. 

Lemma 3.1 For x e E^, there exists Xo{x) > such that 

Mx,a(?/) < y < X < Xo{x), \y - x\ > X. (31) 



Proof of Lemma 3.1. The proof is essentially the same as that of lemma 2.1 in 
[27] . For reader's convenience, we include the details. Without loss of generahty we 

may assume a; = 0, and we use the notation Ux = Mq.a- 

Since a < n and w is a positive function, there exists Tq > such that 

Vy{\y\'^u{y)) - yX), V < |y| < tq. 

Consequently 

ux{y) < u{y), V < A < |y| < ro. (32) 
By (26) and the positivity and continuity of u, 

u{z) > 77--^- V 1^1 > ro. (33) 

For small Aq G (0, Tq) and for < A < Aq, 

\y\ \y\ \y\ -Sro 



Estimate (31), with x — and Xo{x) — Aq, follows from (32) and the above. 



□ 



Define, for x e R^, 

X{x) = sup{jj, > I u^,x{y) < u{y) V < A < /x, |y - a;| > A}. 
Lemma 3.2 // X{x) < oo for some x e i?", then 

%,A(x) =u on i?". (34) 
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Proof of Lemma 3.2. Without loss of generality, we may assume x = 0, and we 
use notations A = A(0), ux = uq^x- By the definition of A, 

u-x{y) < u{y) V \y\ > A. (35) 

By (30), with x — and A = A, and the positivity of the kernel, either Ux{y) — u{y) 

for all \y\ > A — -then we are done or Ux{y) < u{y) for all \y\ > A, which we 

assume below. By the Fatou lemma, 

\im mi \y I''-'' {u-u-x){y) 
— liminf / _\y\^~°'K{0,X;y, z)[u{z)^ — Ux{z)^]dz 

\y\-*oo J\z\>\ 

( I . A , \ ^ . , n-\-OL , , n+a , 

> / \l-{—T-''\\u{z)—-u-x{z)—\dz>^. 

J\z\>\ \ \z\ I 



Consequently, there exists e\ e (0, 1) such that 

(^-«A)(y)>^ VH>A + 1. 

By the above and the explicit formula of ma, there exists < 62 < ei such that 
- > ^ + («A - ux){y) > V bl > A + 1, A < A < A + 62. (36) 

Now, for e G (0, 62) which we choose below, we have, for A < A < A + e and for 
A< lyl < A+1, 



{u-ux){y) = / K{0,X;y,z)[u{z)n-'i - ux{z)'^-"]dz 

J\z\>\ 

> _ K{0, X;y, z)[u{z)^^ — ux{z)^]dz 

Jx<\z\<X+l 

+ /_ _ K(0, X;y, z)[u{z)"-°' — Uxyzj^'^ldz 

Jx+2<\z\<X+3 

> / _ K{0,X;y,z)[u-xiz)^ -uxiz)^]dz 

JX<\z\<X+l 

+ /_ _ K(Q,X;y, z)[u[z)"-'^ — ux\z)^-°']dz. 

Jx+2<\z\<X+Z 



IX+2<\z\<X+Z 

Because of (36), there exists 5i > such that 
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Since 

i^(0,A;?/,z) = 0, V|y| = A, 



WyK{0, X;y,z)-y 



= (n-Q;)||y-^|"-"-^(|^|^-||y|') > 0, VA + 2 < \z\ < A + 3, 

=A 



and the function is smooth in the relevant region, we have, using also the positivity 
of the kernel, 

K{0,X;y,z) > (^sdl/l - A), V A < A < < A + 1, A + 2 < |^| < A + 3, 

where ^2 > is some constant independent of e. It is easy to see that for some 
constant C > independent of e, we have, for A < A < A + e, 

\u-x{z)^ - ux{z)^\ < C(A - A) < Ce, V A < A < |^| < A + 1, 
and (recall that A < < A + 1) 

/ K(0,X;y,z)dz < \f I , , , ] dz\ 

Jx<\z\<x+i ^ ' ^ - ' A<|z|<A+i V|?/-2;|"-" ly^-^l"-"/ ' 

A 



/ 



+ 

/A<|^|<A+l 
.A 



, " - 1 

\y\' 



\y^ - z\ 



-dz 



< C\y'-y\ + C{\y\-\)<C{\y\-X). 

It follows from the above that for small e > we have, for A < A < A + e and 
A< |?/| < A+1, 



{u-ux){y) > -Ce f _ K{0, X;y, z)dz + SMlvl - ^) [- 

iA<|z|<A+l JX-i 

> i dz-Ce){\y\-X)>Q. 

Jx+2<\z\<X+i 

This and (36) violate the definition of A. Lemma 3.2 is established. 



□ 



By the definition of X{x), 

Ux,x{y) < u{y), y < X <X{x),\y - x\> X. 
Multiplying the above by and sending \y\ to infinity yields 

P = liminf |?/r-"M(|/) > A'^-"«(x), V < A < X{x). (37) 
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On the other hand, if X{x) < oo, we use Lemma 3.2 and multiply (34) by " and 
then send \y\ to infinity to obtain 

/3 = lim ||/r""'u(y) = A(x)"-"'u(x) < oo. (38) 

Proof of Theorem 1.1. (i) If there exists some x G i?" such that X{x) < oo, then, 
by (38) and (37), X{x) < oo for all x e i?". Applying Lemma 3.2, we have 

X(x) = on i?", V a; G -R"'. 

By a calculus lemma (lemma 11.1 in [27], see also lemma 2.5 in [28] for a 
positive function u satisfying the above must be of the form (5). 
(ii) If X{x) = oo for all x e R"\ then 

Ux,x{y)<u{y) V |y-x[ > A > 0,a; G i?". 

By another calculus lemma (lemma 11.2 in [27], sec also lemma 2.2 in [28] for a — 2), 
u = constant, violating (4). Theorem 1.1 is established. 

□ 



4 Proof of Theorem 1.4 



In this section we establish Theorem 1.4. 



Lemma 4.1 For n>l,0<a<n and fi > 0, let u be a Lebesgue measurable 
positive solution of (10) which is not identically equal to oo. Then, for any t < 

«GLrji?«)nLL(i?"), 

/3 := liminf(|a;|"-°M(a;)) > / uiy^dy > 0, (39) 

|x-|^CX> jRn 

and 

"'■"^"-dy < oo (40) 



J\v 



>2 \y 



In— a 



Proof of Lemma 4.1. Multiplying (10) by we obtain (39) by applying the 

Fatou lemma. Since u is not identically equal to oo, we see from (10) that u is finite 
almost everywhere. So, for some xi,X2 E Bi, xi X2, we have 

Yl / 1 i^^y ^ "(^i) + "(^2) < 00. 

^ Ji?" \Xi - y\^ " 
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It follows that u e Lf^ciR"") and (40) holds. For > 0, we write 

^ + //„(.) :^ l^^^ ^-^Jy + 1^^^ ^^Jy. (41) 

Since u E and (40) holds, IIr G L'^{Br). On the other hand, for any 

i < t < we have, by Cauchy-Schwartz inequality, 

WiRlWiBn) < /, u{yT\\\ ■ -y\'^~''\\L*{Bn)dy 

J\y\<2R 

< III ■ -2/r""lk*(i?3«) / , < oo. 

J\y\<2R 

Since i? > is arbitrary, u e Ll^J^RP-). 

□ 

Lemma 4.2 ylssnme n > 1 and < a < n. 

(i) For < n < Let u be a positive Lehesgue measurable solution of (10) 

which is not identically infinity. Then u e C°^(i?"). 

"(m-i) 

(iz) For n > Let u G L^^/ (i?") be a positive of (10). Then u G C°°{R'^). 



Proof of Lemma 4.2. 

(i) For < /i < We know from Lemma 4.1 that u G L\^^{R"-) for all t < 
For any i? > 0, write m as in (41). As usual, IIr G C°°{Br). For any 1 < p < ^^J^^^ , 

let - = - — -. Then o > By the property of the Riesz potential. 
So w G L^pg(i?"). Let = max(l, /i), since < C + Cm'^', we have 



where 

v{y) = ^^(?/)'''-\ M^) = + / , ''^^ll. ^y- 

By (40), h G L-(5^). Since < e 4c(^")- Since G LL(i?") with 

g > we have, by applying Corollary 1.1, u G L^{B^(y^ for any > 0, where 
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e(z/) > 0. Now, back to (41), Ir is C*°° near the origin by bootstrapping. By the 
translation invariance of the problem, u G C°°{R^). 

(ii) For jjL > let V{y) — u{yY~^. We know from Lemma 4.1 that u e 

L\^J^R"-) for all t < Since u G L^^^ {R"') by the assumption, we also have 

n 

V G Lil^iR""). Now, for any R2 > Ri > 0, let 

Then G L^iBR,) with r = F G g L^(Br,) C ^'^(BflJ for any 

1/ > r, and 

J\y\>R2 \X — yl 

By Corollary 1.1, u G U^Br^). Since i?i > is arbitrary, u G Ll^J^R^) for all r > 1. 
Bootstrap as usual, u G C°°{R"). 

□ 

For a; G -R", A > and a positive function on i?", let ti^^^A be as in (6). 

Lemma 4.3 For n>l,0<a<n and > 0, let u be a positive solution of (10). 
Then 



«.a(0=/ veeii", (42) 



anc? 



^ n+a— /i(n— a) 



«(0-«c.,a(0= / K{x,\-i,z)\u{zr-[- -\ u,A^r¥^, (43) 

J\z-x\>\ WZ — X\) 

where 

K{x,X-^,z) = — ^ (— ^)"-" ,, , , . 

Moreover, 

X(a;, A;^,z) > 0, ^ \^ - x\,\z - x\ > X > 0. 



Proof of Lemma 4.3. The lemma for a = is established in Section 3. The 

^ n—a 

proof works for all /i > with minor modification. 

□ 
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Lemma 4.4 For n > 1, < a < n and jj, > 0, let u & C^{R"') he a positive solution 
of (10). Then for any x G R'\ there exists \q{x) > such that 

u^Av) < u{y), V < A < Xo{x), \y - x\ > X. (44) 



Proof of Lemma 4.4. This has been proved in Section 3 for u = The same 

" n—a 

proof apphes for all /x > 0. 

□ 

Define, for x e i?", 

\{x) = sup{/x' > I u^,x{y) < u{y) ^ < X < fj,' ,\y - x\ > A}. 

Lemma 4.5 For n>l,0<a<n and < /i < ^z^, let u G C^{R^) be a positive 
solution of (10). Then X{x) = oo for all x G K"". 

Proof of Lemma 4.5. We prove it by contradiction argument. Suppose that 
X{x) < oo for some x E R"^. Without loss of generality, we may assume x — 0, and 
we use notations A = X{0),ux = Mo,a- By the definition of A, 

u-x{y) < u{y) V \y\ > X. (45) 

Since n + a - ^{n - a) > 0, (^)'^+"-a'{"-°) < i for \z\ > A. So, by (45) and (43) 
with X = and A = A, and the positivity of the kernel, we have, for \y\ > A, 



^ \^ n+a—iJ,{n—a) 



-u-^){y) = [ _K{0,X;y,z)[u{zr-[—] u-,{zr]dz 

J\z\>\ W^lJ 

> / _K{0,X;y,z)[l-l — ] ]u-,{zrdz > 0. 

J\z\>\ \ \z\ I 



l\z\ 

Thus, by the Fatou lemma and the above, 

limini \y\''-"{u-ux){y) 
\y\-*oo 

> hminf/ _\yr'^K{0,X;y,z)[u{zr-u-,{zr]dz 

\y\-*oo J\z\>\ 

> [ 1 1 - (A)""" I H^T - u-xi^T]dz > 0. 

J\z\>X \ \z\ J 
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Consequently, there exists ei e (0, 1) such that 

(^-«A)(y)>^ vM>A + i. 

By the above and the exphcit formula of ux, there exists < e2 < ei such that 

{u - u,){y) > + {u-x - u,){y) > V |y| > A + 1, A < A < A + e^. (46) 

1^1 1^1 

Now, using (45) and (46) as in Section 3, for e e (0, 62) which we choose below, we 
have, for A < A < A + e and for X < \y\ <X + I, 



(u-ux){y) > I _ K{Q,X;y,z)[u-x{zY -ux{zY]dz 

JX<\z\<\+l 

[_ _ K{0,X;y,z)[u{zr-ux{zr]dz. 

J X+2<\z\<X+3 



+ 

/A+2<|z|<A+3 

Because of (46), there exists Si > such that 

u{zy - uxiz)'' > 61, A + 2<|2|<A + 3. 
It was shown in Section 3 that 

K{0,X]y,z) > 62{\y\ - A),V A < A < |y| < A+ l,A + 2 < \z\ < A + 3, 

where (^2 > is some constant independent of e. It is easy to see that for some 
constant C > independent of e, we have, for A < A < A + e, 

\u-x{zY - ux{zY\ <C{X-X)<Ce, V A < A < |z| < A + 1, 

and (recall that A < |y| < A + 1), as in Section 3, 

/ _ K{0,X;y,z)dz<C{\y\-X). 

JX<\z\<X+l 

It follows from the above that for small e > we have, for A < A < A + e and 
X<\y\<X+l, 

(u-ux){y) > -Ce [ K{0, X;y, z)dz + SMlvl - L dz 



> {5^52 I dz-Ce){\y\-X)>Q. 

JX+2<\z\<X+Z 
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This and (60) violate the definition of A. Lemma 4.5 is estabhshed. 

□ 

Proof of Theorem 1.4. According to Lemma 4.5, X{x) — oo for all x e R^, i.e., 

Ux,x{y) < u{y) y \y-x\>\>^,xeK'. 

By a calculus lemma (lemma 11.2 in [27], see also lemma 2.2 in [28] for a = 2), 
u = constant, violating (10). Theorem 1.4 is estabhshed. 

□ 

5 Proof of Theorem 1.5 

In this section we estabhsh Theorem 1.5. 

Lemma 5.1 For n > 1, p,q > 0, let u be a non-negative Lebesgue measurable 
function in FT satisfying (11). Then 

I (l + |y|Xy)-«(i2/<oo, (47) 

7:= lim \x\-Pu{x)= lim / ~,^^^ M(y)~^dy = / n(y)~*d?/ e (0, 00), (48) 
and, for some constant C >1, 



l + \x 



p 



C 



< u{x) < C(l + \x\P), V x e i?". (49) 



Proof of Lemma 5.1. We see from (11) that u must be positive everywhere and 

|{2/ei?"|«(2/)<oo}|>0, 

where | ■ | denotes the Lebesgue measure of the set. So there exist R> 1 and some 
measurable set E such that 

^ C {y I u{y) <R}f\ Br, 

and 

m > i. 
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By (11), 

u(x) = / \x — y\^u{y)~'^dy > \x — y\^u(y)~'^dy 
Jr." Je 

> {Ry^ I \x- y\Pdy, V X e i?". 
Je 

The first inequality in (49) follows from the above. 
For some 1 < |x| < 2, 




X — y\^u{y) '^dy — u{x) < oo. 



We deduce (47) from the first inequality in (49) and the above. 

For |x| > 1, 

|^^«(y)-^|<(l+|y|Xy)-^ 

so, in view of (47), (48) follows from the Lebesgue dominated convergence theorem. 
The second inequality in (49) follows from (11), (47) and (48). 

□ 



Lemma 5.2 For n > 1, p,q > 0, let u be a non-negative Lebesgue measurable 
function in i?" satisfying (11). Then u e C°°{R^). 

Proof of Lemma 5.2. For i? > 0, writing (11) as 

u{x) = Ir{x) + IIr{x) := \x - y\Pu{yydy + \x - yYu{yy^dy. 

J\y\<2R J\y\>2R 

Because of (47), we can differentiate IIr{x) under the integral for \x\ < R, and 
therefore IIr e C°°{Br). On the other hand, since u~'^ e L°°(B2r), clearly Ir is 
at least Holder continuous in Br. Since i? > is arbitrary, u is Holder continuous 
in Now u~'^ is Holder continuous in -B2R, the regularity of Ir further improves 
and, by bootstrap, we eventually have u e C°°{R"). Lemma 5.2 is established. 

□ 

Let f be a positive function on i?". For a; e i?" and A > 0, consider 
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where 

Note that notation v^^x in this section is different from that in Section 1-4. 
Making a change of variables 

\z — 

we have 

dy = i-^^f'dz. 
\z — x\ 

Thus 

A 



J\y-x\>\ J\z-x\<X \z — x\ 

J\z-x\<X \Z-X\ ' 



X 

l\z-x\<X 

Since 



A A 

we have 



\q-x\ J\y-^\>>^ 

A 



- / — r)'"-^^+XA(^)"'rf^- (50) 

^|2— x|<A \Z — X\ 

Similarly, 



/ \(- z\'(r^f''^*^v^Mzr'<'^- (51) 

Jlz— a;|>A \Z — X\ 



l\z-x\>X 

Lemma 5.3 Let u be a positive solution of (11). Then 

A 



.,a(0=/ le-^r(| r)'"-^^+XA(^)-'^^^, Veeii", (52) 
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and 

k(x,A;^,z}\u(z}-'-(-^ 

l\z-x\>\ 



J\z-x\>X \Z — X\ 



where 

k{x, A; e, z) = {\^^y\C^^ - z\P - le - z^. 

Moreover 

k{x,\;^,z) > 0, V 1^ - x|, l^; - x| > A > 0. 



Proof of Lemma 5.3. Since (^^'-^)^'-^ = ^ and {t)x.x)x,x = identity (52) follows 
from (11) and (50) and (51) with v = u. Similarly, using also (52), 



(0 = / \^-z\^u{z)-'^dz+ f IC-yl^uivr^dy 

J\z-x\>\ J\y-x\<X 

= / - z\Pu{z)-'^dz 

J\z-x\>X 



xAo = Jj^-znj^^f^-^'^^^u,,,{z)-'^dz 
= / \^-z\^{-^r-''^'u^A^)-^^ 

J\z—x\>X \Z — X\ 

/ ir'^ - z\pu{z)-idz. 

A J\z-x\>X 



'\z-x\>X 

Identity (53) follows from the above. The positivity of the kernel k is elementary. 



□ 



Lemma 5.4 For n > 1, p,q > 0, let u be a solution of (11). Then for any x e R^, 
there exists Ao(x) > such that 

Ux,x{y) > u{y), V < A < Xo{x), \y - x\ > A. (54) 



25 



Proof of Lemma 5.4. The proof is similar to that of lemma 2.1 in [27] and Lemma 
3.1 in Section 3. Without loss of generality we may assume a; = 0, and we use the 
notation ux — ito,A- 

Since p > and it is a positive function, there exists Tq > such that 

Vy{\y\'^u{y)) -y <0, V < < tq. 

Consequently 

My) > <y)^ V < A < < ro. (55) 

By (49), 

u{z) <C{rQ)\z\P V|^|>ro. (56) 
For small Aq G (0, ro) and for < A < Ao, we have, using (49) and (55), 

ux{y) = (^Yfui^) > (^)^mf « > u{y), V \y\ > r,. 
A \y\^ Ao 

Estimate (54), with x = and Ao(a;) = Aq, follows from (55) and the above. 

□ 

Define, for x e i?", 

\{x) = sup{/i > I u^^x{y) > u{y) y < X < n,\y - x\ > \}. 
Lemma 5.5 For n >l,p>0 and < g < 1 + y, let u be a solution of (11). Then 

\{x) < oo, y X e R'', 

and 

u^Xx) = on B!\ y X e R"-. (57) 

Consequently, q — 1 + 

Proof of Lemma 5.5. By the definition of X{x), 

Ux,x{y) >u{y), y < X <X{x),\y - x\> X. 
Multiplying the above by \y\~^ and sending |y| to infinity yields, using (48), 

0<^^ lim \y\-Pu{y)<X-Pu{x), V < A < A(a;). (58) 
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Thus X{x) < oo for all x G -R". 

Now we prove (57). Without loss of generality, we may assume x = 0, and we 
use notations A = X{0),ux — Uq^x and — y^'^. By the definition of A, 

u-x{y) > u{y) V \y\ > A. (59) 

Since 2n-pq + p>0, (^)^"-^'*+p < 1 for \z\ > A. So, by (59), (53), with x = 

and A = A, and the positivity of the kernel, either Ux{y) = u{y) for all \y\ > A — - 

then we are done (using (53) to see that 2n — pq + p — 0) or u^iy) > u{y) for all 

\y\ > A, which we assume below. 

By (53), with x = and A = A, and the Fatou lemma 

limini \y\-P{u-x-u){y) 
I2/H00 

= hininf/ _|y|-^/c(0,A;y,z)Kz)-''-(A)2n-mP„_(^)-.]^^ 

|j/|->oo J\z\>\ \Z\ 

- i\>-x (^T^' ~ ^"^^^ ' ~ > 0. 

Consequently, using also the positivity of {ux — u), there exists ei e (0, 1) such that 

(u-x-u){y)>e,\y\P VM>A + 1. 
By the above and the explicit formula of ux, there exists < 62 < ei such that 

(ux - u){y) > eibr + {ux - «a)(|/) > ||yr, V |y| > A + 1, A < A < A + 6^. (60) 

Recall that 2n - + p > and therefore (^)^"~*'«+^ < 1 for \z\ > A. For 
e e (0, 62) which we choose below, we have, for A < A < A + e and for A < |y| < A+1, 

{ux-u){y) > [ k{0,\;y,z)[u{z)-''-ux{z)-'']dz 

J\z\>X 

> I _ k{0,X;y,z)[u{z)-'i-ux{z)-'i]dz 

Jx<\z\<X+l 



+ [ _ k{0,X;y,z)[u{z)-''-ux{z)-'']dz 

J X+2<\z\<X+3 

> [ _ k{0,X;y,z)[u-x{z)-'i-ux{z)-'^]dz 

Jx<\z\<X+l 

+ /_ _ k{0,X;y,z)[u{z)-'i-ux{z)-'^]dz. 

J X+2<\z\<X+3 



27 



Because of (60), there exists Si > such that 

uizy^ - uxizyi > Si, A + 2<|^|<A + 3. 

Since 

k{0,X;y,z) = 0, V ||/| = A, 
V,A;(0, X;y,z)-y = p\y - z^^zl^ - \y\^) > 0, V A + 2 < |z| < A + 3, 

|2/|=A 

and the function is smooth in the relevant region, we have, using also the positivity 
of the kernel, 

k{0,\;y,z) > 62{\y\ - A),V A < A < ||/| < A + 1, A + 2 < |z| < A + 3, 

where ^2 > is some constant independent of e. It is easy to see that for some 
constant C > independent of e, we have, for A < A < A + e, 

- uxizy^l <C{X-X)<Ce, V A < A < |z| < A + 1, 

and (recall that A < |y| < A + 1) 

/ _ k{0,X;y,z)dz < C{\y\-X)+ [ _ (\y^-z\P-\y-z\P)dz 

< C{\y\-X) + C\y'-y\<C{\y\-X). 

It follows from the above that for small e > we have, for A < A < A + e and 
X<\y\<X+l, 



{ux-u){y) > -Ct j k{0,X;y,z)dz + 6i62{\y\- X) f_ t 

Jx<\z\<X+l Jx+2<\z\<X+3 

> {S1S2 [_ dz-Ce)(\y\-X)>0. 

J X+2<\z\<X+3 

This and (60) violate the definition of A. Lemma 5.5 is established. 

Proof of Theorem 1.5. According to Lemma 5.5, q — 1 + ^ and 

Ux,-x{x) =^ on i?", V X G i?". 

By a calculus lemma (lemma 11.1 in [27], see also lemma 2.5 in [28] for a — 2), any 
positive function u satisfying the above must be of the form (12). 



□ 
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